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Some Elementary Divisibility Properties

(Part 3)
Theorem 18: Ifa|b, thenal-b.
Proof: Suppose that a | b. Hence, a | be(-1), by Theorem 10. Therefore,
a|-b.
[
Theorem 19: Ifa|b, then-a|b.

Proof: Suppose that a | b. Hence, a | -b, by Theorem 18. So, ac = -b for some c, by Definition
1. Thus, -ac =b. Therefore,

-a | b,
by Definition 1.
[
Theorem 20: Ifa| b, then -a | -b.
Proof: Suppose that a | b. Hence, a|-b, by Theorem 18. Therefore,
-a | -b,
by Theorem 109.
[
Theorem 21: Ifbotha|banda|(b-c),thena|c.

Proof: Suppose that botha |band a | (b-c). Hence, a | (b + [-c]). So, a|-c, by Theorem 17.
Thus, a | -[-c], by Theorem 18. Therefore,
a|c.



Theorem 22: al-a

Proof: a|a, by Theorem 3. Therefore,

a|-a,
by Theorem 18.
[
Theorem 23: -1 | a for every a.
Proof: 1|a, by Theorem 4. Therefore,
-1 a,
by Theorem 109.
[
Theorem 24: If botha|bandc|d,thenac|bd.
Proof: Suppose that both a|band ¢ | d. Hence, ae = b and cf = d for some e and f, by
Definition 1. So, aecf = ac(ef) = bd, by substitution. Therefore,
ac | bd,
by Definition 1.
[
Theorem 25: If ac}bd, then either a4borctd.
Proof: By Theorem 24 and Definition 1.
[
Theorem 26: If both a | b and a | c, then a? | bc.
Proof: Suppose that botha|band a|c. Hence, aa | bc, by Theorem 24. Therefore,
a’| bc.
[
Theorem 27: a|bifand only if ac | bc for ¢ # 0.
Proof: Suppose thata |b. c|c, by Theorem 3. Therefore, ac | bc for ¢ # 0, by Theorem 24.
Suppose that ac | bc for ¢ # 0. Hence, acd = bc for some d, by Definition 1. So, since
c#0,ad =b. Therefore, a|b, by Definition 1.
[
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