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Even and Odd Integers: Some Consequences of the Basic Properties
(Part 3)

The last table in WR no. 17 suggests some generalizations to expressions of any number
of terms, each term being a product of two integers.

Definition 1: For integers aj, a, as, . . ., an, X1, X2, X3, . . . , Xn,
Dn = aiXg + aXo + azxz + "+ anXn.

Theorem 6: If each term of D, is even, then D, is even.

Proof: By induction on positive integers n.

I. Suppose that each term of D1 is even. Hence, since D; just consists of one term, D; is
even.

I1. Suppose for positive integer k that if each term of Dy is even, then Dy is even.
Suppose that each term of Dy41 is even. Dy:1 = Dy + ax+1Xk+1. Hence, Dy is even, by the induction
hypothesis. So, Dy« is even, by Theorem 9 of WR no. 15. Consequently, if each term of Dy, is
even, then Dy.q IS even.

Therefore, the theorem holds, by mathematical induction.

Theorem 7: If D, is odd, then at least one term of D, is has two odd factors.

Proof: Suppose that D, is odd. Hence, at least one term of D, is odd, by Theorem 6. So, both

the integer factors of that term are odd, by Theorem 14 of WR no. 15.
u

Theorem 8: If each term of Dy, is odd and m is even, then D, is even.

Proof: By induction on positive integers n such that m = 2n.

I. Suppose that each term of D, is odd. Hence, since D, just consists of two terms, D is
even, by Theorem 11 of WR no. 15.

I1. Suppose for positive integer k that if each term of Dy, is odd and m = 2k (viz., mis
even), then Dy, is even. Suppose that each term of Dz isodd and m +2 =2k + 2 =2(k + 1)
(viz., m+ 2is even). Dmi2 = D + @me1Xm+1 + @me2Xme2. Hence, Dy, is even, by the induction
hypothesis. But am+1Xm+1 + @m+2Xm+2 IS €ven, by Theorem 11 of WR no. 15. So, Dy IS even, by
Theorem 9 of WR no. 15. Consequently, if each term of Dy, is 0odd and m + 2 = 2(k + 1), then
Dms2 IS even.

Therefore, the theorem holds, by mathematical induction.



Theorem 9: If each term of Dy, is odd and m is odd, then Dy, is odd.

Proof: By induction on positive integers n such that m = 2n + 1.

I. Suppose that each term of D; is odd. Hence, since D; just consists of one term, D, is
odd.

I1. Suppose for positive integer k that if each term of Dy, is odd and m = 2k + 1 (viz., mis
odd), then Dy, is odd. Suppose that each term of Dpszisoddand m+2 =2k +3=2(k+ 1) +1
(viz., m+ 2is 0dd). Dm+2 = D + @m+1Xm+1 + @me2Xme2. Hence, Dy, is 0dd, by the induction
hypothesis. But am+1Xm+1 + am+2Xm+2 IS even, by Theorem 11 of WR no. 15. So, Dp+ is 0dd, by
Theorem 10 of WR no. 15. Consequently, if each term of Dy.+2 is0odd and m + 2 = 2(k + 1) +1,
then D+ is 0dd.

Therefore, the theorem holds, by mathematical induction.

Theorem 10: If D, has an equal number of even and odd terms and n = 2k for some even k, then
Dy is even.

Proof: Suppose that D, has an equal number of even and odd terms and n = 2k for some even k.
Hence, there are k even terms and k odd terms of D,,, where k is even. So, the sum of the even
terms is even, by Theorem 6. Furthermore, the sum of the odd terms is even, by Theorem 8.
Thus, Dy is even, by Theorem 9 of WR no. 15.

Theorem 11: If D, has an equal number of even and odd terms and n = 2k for some odd k, then
D, is odd.

Proof: Suppose that D, has an equal number of even and odd terms and n = 2k for some odd k.
Hence, there are k even terms and k odd terms of D,, where k is odd. So, the sum of the even
terms is even, by Theorem 6. Furthermore, the sum of the odd terms is odd, by Theorem 9.
Thus, Dy is odd, by Theorem 10 of WR no. 15.
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