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51 Problems in Calculating Limits Using L’Hôpital’s Rule with Solutions 
(Part 7) 

 

 

46. Let 𝑦 = 𝑥
−1

ln(𝑥). 

 Hence, ln(𝑦) = ln (𝑥
−1

ln(𝑥)) = 
−1

ln(𝑥)
ln(𝑥) =

−ln(𝑥)

ln(𝑥)
= −1. 

 
So, lim

𝑥→0+
ln(𝑦) = lim

𝑥→0+
(−1) = −1. 

 
Now 𝑦 = 𝑦 ⟺ ln(𝑦) = ln(𝑦) ⟺ 𝑒ln(𝑦) = 𝑦.  Therefore, lim

𝑥→0+
𝑥

−1
ln(𝑥) = lim

𝑥→0+
𝑦 = 

 = lim
𝑥→0+

𝑒ln(𝑦) = 𝑒
lim

𝑥→0+
ln(𝑦)

= 𝑒−1 =
1

𝑒
. 

 

 

47. Let 𝑦 = (1 + 2𝑥)
1

2 ln(𝑥) . 

 Hence, ln(𝑦) = ln [(1 + 2𝑥)
1

2 ln(𝑥)] = 
1

2 ln(𝑥)
ln(1 + 2𝑥) =

ln(1 + 2𝑥)

2 ln(𝑥)
. 

 So, lim
𝑥→∞

ln(𝑦) = lim
𝑥→∞

ln(1+2𝑥)

2 ln(𝑥)
=⏞
𝐿𝐻

lim
𝑥→∞

(
2

1+2𝑥
)

(
2
𝑥

)
= lim

𝑥→∞

2

1+2𝑥
⋅

𝑥

2
= lim

𝑥→∞

𝑥

1+2𝑥
=⏞
𝐿𝐻

lim
𝑥→∞

1

2
=

1

2
.   

 That is, lim
𝑥→∞

ln(𝑦) =
1

2
. 

 
Now 𝑦 = 𝑦 ⟺ ln(𝑦) = ln(𝑦) ⟺ 𝑒ln(𝑦) = 𝑦.  Therefore, lim

𝑥→∞
(1 + 2𝑥)

1
2 ln(𝑥) = lim

𝑥→∞
𝑦 = 

 
= lim

𝑥→∞
𝑒ln(𝑦) = 𝑒

lim
𝑥→∞

ln(𝑦)
= 𝑒

1
2. 

 

  



48. Let 𝑦 = (𝑒𝑥 + 𝑥)
2
𝑥. 

 Hence, ln(𝑦) = ln [(𝑒𝑥 + 𝑥)
2
𝑥] = 

2

𝑥
ln(𝑒𝑥 + 𝑥) =

2ln(𝑒𝑥 + 𝑥)

𝑥
. 

 So, lim
𝑥→0

ln(𝑦) = lim
𝑥→0

2ln(𝑒𝑥 + 𝑥)

𝑥
=⏞
𝐿𝐻

lim
𝑥→0

(
2[𝑒𝑥+1]

𝑒𝑥+𝑥
)

1
=

2(𝑒0 + 1)

𝑒0 + 0
=

2(1 + 1)

1
= 2 ⋅ 2 = 4. 

 That is, lim
𝑥→0

ln(𝑦) = 4. 

 
Now 𝑦 = 𝑦 ⟺ ln(𝑦) = ln(𝑦) ⟺ 𝑒ln(𝑦) = 𝑦.  Therefore, lim

𝑥→0
(𝑒𝑥 + 𝑥)

2
𝑥 = lim

𝑥→0
𝑦 = 

 
= lim

𝑥→0
𝑒ln(𝑦) = 𝑒

lim
𝑥→0

ln(𝑦)
= 𝑒4. 

 

 

49. Let 𝑦 = (1 + ℎ𝑥)
1
ℎ. 

 Hence, ln(𝑦) = ln [(1 + ℎ𝑥)
1
ℎ] = 

1

ℎ
ln(1 + ℎ𝑥) =

ln(1 + ℎ𝑥)

ℎ
. 

 So, lim
ℎ→0

ln(𝑦) = lim
ℎ→0

ln(1 + ℎ𝑥)

ℎ
=⏞
𝐿𝐻

lim
ℎ→0

(
𝑥

1+ℎ𝑥
)

1
=

( 𝑥
1+0

)

1
=

𝑥

1 + 0
= 𝑥. 

 That is, lim
ℎ→0

ln(𝑦) = 𝑥. 

 
Now 𝑦 = 𝑦 ⟺ ln(𝑦) = ln(𝑦) ⟺ 𝑒ln(𝑦) = 𝑦.  Therefore, lim

ℎ→0
(1 + ℎ𝑥)

1
ℎ = lim

ℎ→0
𝑦 = 

 
= lim

ℎ→0
𝑒ln(𝑦) = 𝑒

lim
ℎ→0

ln(𝑦)
= 𝑒𝑥 . 
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