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101 Problems in Calculating Trigonometric Limits with Solutions 
(Part 6) 

 

23. lim
𝜃→0

𝜃2

1 − cos(𝜃)
= lim

𝜃→0

𝜃

1
⋅

𝜃

1 − cos(𝜃)
= lim

𝜃→0

𝜃

1
⋅

𝜃

1 − cos(𝜃)
⋅
1 + cos(𝜃)

1 + cos(𝜃)
= 

 = lim
𝜃→0

𝜃

1
⋅
𝜃[1 + cos(𝜃)]

1 − cos 𝜃2
= lim

𝜃→0

𝜃

1
⋅
𝜃[1 + cos(𝜃)]

sin 𝜃2
= lim

𝜃→0

𝜃

sin(𝜃)
⋅

𝜃

sin(𝜃)
⋅
[1 + cos(𝜃)]

1
= 

 = lim
𝜃→0

𝜃

sin(𝜃)
⋅ lim
𝜃→0

𝜃

sin(𝜃)
⋅ lim
𝜃→0

[1 + cos(𝜃)]

1
= lim

𝜃→0

𝜃

sin(𝜃)
⋅ lim
𝜃→0

𝜃

sin(𝜃)
⋅
lim
𝜃→0

[1 + cos(𝜃)]

lim
𝜃→0

1
=⏞
#1

 

 =⏞
#1

1 ⋅ 1 ⋅
1 + cos(0)

1
=
1 + 1

1
= 2. 

 

 

24. lim
𝜃→0

1 − cos(5𝜃)

cos(7𝜃) − 1
= lim

𝜃→0

1 − cos(5𝜃)

−[1 − cos(7𝜃)]
= − lim

𝜃→0

1 − cos(5𝜃)

1 − cos(7𝜃)
⋅
1 + cos(5𝜃)

1 + cos(5𝜃)
⋅
1 + cos(7𝜃)

1 + cos(7𝜃)
= 

 
= − lim

𝜃→0

1 − cos (5𝜃)2

1 − cos (7𝜃)2 ⋅
1 + cos(7𝜃)

1 + cos(5𝜃)
= − lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 ⋅
1 + cos(7𝜃)

1 + cos(5𝜃)
= 

 
= − lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 ⋅ lim
𝜃→0

1 + cos(7𝜃)

1 + cos(5𝜃)
= − lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 ⋅
lim
𝜃→0

[1 + cos(7𝜃)]

lim
𝜃→0

[1 + cos(5𝜃)]
= 

 
− lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 ⋅
1 + cos(0)

1 + cos(0)
= − lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 ⋅
1 + 1

1 + 1
=− lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 ⋅
2

2
= 

 
= − lim

𝜃→0

sin (5𝜃)2

sin (7𝜃)2 = − lim
𝜃→0

sin(5𝜃)

sin(7𝜃)
⋅
sin(5𝜃)

sin(7𝜃)
= 

 
= − lim

𝜃→0

sin(5𝜃)

1
⋅
sin(5𝜃)

1
⋅

1

sin(7𝜃)
⋅

1

sin(7𝜃)
⋅
25𝜃2

25𝜃2
⋅
49𝜃2

49𝜃2
= 

 
= −lim

𝜃→0

sin(5𝜃)

5𝜃
⋅
sin(5𝜃)

5𝜃
⋅

7𝜃

sin(7𝜃)
⋅

7𝜃

sin(7𝜃)
⋅
25𝜃2

49𝜃2
= 

 
= −lim

𝜃→0

sin(5𝜃)

5𝜃
⋅ lim
𝜃→0

sin(5𝜃)

5𝜃
⋅ lim
𝜃→0

7𝜃

sin(7𝜃)
⋅ lim
𝜃→0

7𝜃

sin(7𝜃)
⋅ lim
𝜃→0

25𝜃2

49𝜃2
=⏞
#1

 

 
=⏞
#1

− (1 ⋅ 1 ⋅ 1 ⋅ 1 ⋅
25

49
) = −

25

49
 

 

 



25. lim
𝜃→0

1 − 2𝜃2 − 2 cos(𝜃) + cos (𝜃)2

𝜃2
= lim

𝜃→0

1 − 2𝜃2 − 2 cos(𝜃) + 1 − sin (𝜃)2

𝜃2
= 

 = lim
𝜃→0

2 − 2𝜃2 − 2 cos(𝜃) − sin (𝜃)2

𝜃2
= lim

𝜃→0
(
2 − 2 cos(𝜃)

𝜃2
−
2𝜃2 + sin (𝜃)2

𝜃2
) = 

 = lim
𝜃→0

2[1 − cos(𝜃)]

𝜃2
− lim

𝜃→0

2𝜃2 + sin (𝜃)2

𝜃2
= 2 lim

𝜃→0

1 − cos(𝜃)

𝜃2
− lim

𝜃→0

2𝜃2 + sin (𝜃)2

𝜃2
= 

 = 2 lim
𝜃→0

1 − cos(𝜃)

𝜃2
⋅
1 + cos(𝜃)

1 + cos(𝜃)
− lim

𝜃→0
(2 +

sin (𝜃)2

𝜃2
) = 

 = 2 lim
𝜃→0

1 − cos (𝜃)2

𝜃2(1 + cos(𝜃))
− lim

𝜃→0
2 − lim

𝜃→0

sin (𝜃)2

𝜃2
= 2 lim

𝜃→0

sin (𝜃)2

𝜃2(1 + cos(𝜃))
− 2 − 1 = 

 = 2 lim
𝜃→0

sin (𝜃)2

𝜃2
⋅

1

1 + cos(𝜃)
− 3 = 2 lim

𝜃→0

sin (𝜃)2

𝜃2
⋅ lim
𝜃→0

1

1 + cos(𝜃)
− 3 = 

 = 2 lim
𝜃→0

sin(𝜃)

𝜃
⋅ lim
𝜃→0

sin(𝜃)

𝜃
⋅

lim
𝜃→0

1

lim
𝜃→0

[1 + cos(𝜃)]
− 3 = 2 (1 ⋅ 1 ⋅

1

1 + cos(0)
) − 3 = 

 = 2(
1

1 + 1
) − 3 = 2(

1

2
) − 3 = 1 − 3 = −2. 

 

 

26. lim
𝜃→0

1 − cos(𝜃)

𝜃2
= lim

𝜃→0

1 − cos(𝜃)

𝜃2
⋅
1 + cos(𝜃)

1 + cos(𝜃)
= lim

𝜃→0

1 − cos (𝜃)2

𝜃2[1 + cos(𝜃)]
= 

 = lim
𝜃→0

sin (𝜃)2

𝜃2(1 + cos(𝜃))
= lim

𝜃→0

sin(𝜃)

𝜃
⋅
sin(𝜃)

𝜃
⋅

1

1 + cos(𝜃)
= 

 = lim
𝜃→0

sin(𝜃)

𝜃
⋅ lim
𝜃→0

sin(𝜃)

𝜃
⋅ lim
𝜃→0

1

1 + cos(𝜃)
= lim

𝜃→0

sin(𝜃)

𝜃
⋅ lim
𝜃→0

sin(𝜃)

𝜃
⋅

lim
𝜃→0

1

lim
𝜃→0

[1 + cos(𝜃)]
= 

 = 1 ⋅ 1 ⋅
1

1 + cos(0)
=

1

1 + 1
=
1

2
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 “Only he who never plays, never loses.” 
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