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101 Problems in Calculating Trigonometric Limits with Solutions 
(Part 9) 

 

41. lim
𝜃→0

sin (
𝜋
2 − 𝜃) tan(𝜋 + 𝜃)

𝜃
= lim

𝜃→0

cos(𝜃) tan(𝜃)

𝜃
= lim

𝜃→0
cos(𝜃) ⋅ lim

𝜃→0

tan(𝜃)

𝜃
= 

 = cos(0) lim
𝜃→0

tan(𝜃)

𝜃
= 1 ⋅ lim

𝜃→0

tan(𝜃)

𝜃
= 1 ⋅ 1 = 1. 

 Alternate solution: 

 
lim
𝜃→0

sin (
𝜋
2 − 𝜃) tan(𝜋 + 𝜃)

𝜃
= lim

𝜃→0

[sin (
𝜋
2) cos(𝜃) − cos (

𝜋
2) sin(𝜃)][

sin(𝜋 + 𝜃)
cos(𝜋 + 𝜃)]

𝜃
= 

 
= lim

𝜃→0

[1 ⋅ cos(𝜃) − 0 ⋅ sin(𝜃)] [
sin(𝜋) cos(𝜃) + cos(𝜋) sin(𝜃)
cos(𝜋) cos(𝜃) − sin(𝜋) sin(𝜃)]

𝜃
= 

 
= lim

𝜃→0

cos(𝜃) ⋅
0 ⋅ cos(𝜃) + (−1) ⋅ sin(𝜃)
(−1) ⋅ cos(𝜃) − 0 ⋅ sin(𝜃)

𝜃
= lim

𝜃→0

cos(𝜃) ⋅
0 − sin(𝜃)

− cos(𝜃) − 0

𝜃
= 

 
= lim

𝜃→0

cos(𝜃) ⋅
− sin(𝜃)
− cos(𝜃)

𝜃
= lim

𝜃→0

sin(𝜃)

𝜃
= 1. 

 

 

42. 
lim
𝜃→0

sin (
𝜋

2
+ 𝜃) cos (

𝜋

2
+ 𝜃) = lim

𝜃→0
cos(𝜃)[− sin(𝜃)] = cos(0)[− sin(0)] = 1 ⋅ 0 = 0. 

 Alternate solution: 

 
lim
𝜃→0

sin (
𝜋

2
+ 𝜃) cos (

𝜋

2
+ 𝜃) = 

 
= lim

𝜃→0
[{sin (

𝜋

2
) cos(𝜃) + cos (

𝜋

2
) sin(𝜃)}{cos (

𝜋

2
) cos(𝜃) − sin (

𝜋

2
) sin(𝜃)}] = 

 = lim
𝜃→0

[{cos(𝜃) + 0}{0 − sin(𝜃)}] = lim
𝜃→0

cos(𝜃)[− sin(𝜃)] = cos(0)[− sin(0)] = 1 ⋅ 0 = 0. 

 

  



Let a and b be nonzero numbers. 

 

43. lim
𝜃→0

cos (
𝜋
2 − 𝑎𝜃)

𝑏𝜃
= lim

𝜃→0

sin(𝑎𝜃)

𝑏𝜃
=

1

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝜃
=

1

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝜃
⋅

𝑎

𝑎
=

𝑎

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝑎𝜃
= 

 =
𝑎

𝑏
⋅ 1 =

𝑎

𝑏
. 

 Alternate Solution: 

 lim
𝜃→0

cos (
𝜋
2 − 𝑎𝜃)

𝑏𝜃
= lim

𝜃→0

cos (
𝜋
2) cos(𝑎𝜃) + sin (

𝜋
2) sin(𝑎𝜃)

𝑏𝜃
= 

 = lim
𝜃→0

(0)cos(𝑎𝜃) + (1) sin(𝑎𝜃)

𝑏𝜃
= lim

𝜃→0

0 + (1) sin(𝑎𝜃)

𝑏𝜃
=

1

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝜃
= 

 =
1

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝜃
⋅

𝑎

𝑎
=

𝑎

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝑎𝜃
=

𝑎

𝑏
⋅ 1 =

𝑎

𝑏
. 

 

 

Let a and b be nonzero numbers. 

 

44. lim
𝜃→0

cos (
𝜋
2

− 𝑎𝜃)

cos (
𝜋
2 − 𝑏𝜃)

= lim
𝜃→0

sin(𝑎𝜃)

sin(𝑏𝜃)
= lim

𝜃→0

sin(𝑎𝜃)

sin(𝑏𝜃)
⋅

𝑎𝑏𝜃

𝑎𝑏𝜃
=

𝑎

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝑎𝜃
⋅

𝑏𝜃

sin(𝑏𝜃)
= 

 =
𝑎

𝑏
⋅ lim

𝜃→0

sin(𝑎𝜃)

𝑎𝜃
⋅ lim

𝜃→0

𝑏𝜃

sin(𝑏𝜃)
=⏞
#1 𝑎

𝑏
⋅ 1 ⋅ 1 =

𝑎

𝑏
. 

 Alternate Solution: 

 lim
𝜃→0

cos (
𝜋
2 − 𝑎𝜃)

cos (
𝜋
2 − 𝑏𝜃)

= lim
𝜃→0

cos (
𝜋
2) cos(𝑎𝜃) + sin (

𝜋
2) sin(𝑎𝜃)

cos (
𝜋
2) cos(𝑏𝜃) + sin (

𝜋
2) sin(𝑏𝜃)

= 

 = lim
𝜃→0

(0)cos(𝑎𝜃) + (1) sin(𝑎𝜃)

(0)cos(𝑏𝜃) + (1) sin(𝑏𝜃)
= lim

𝜃→0

0 + sin(𝑎𝜃)

0 + sin(𝑏𝜃)
= lim

𝜃→0

sin(𝑎𝜃)

sin(𝑏𝜃)
= lim

𝜃→0

sin(𝑎𝜃)

sin(𝑏𝜃)
⋅

𝑎𝑏𝜃

𝑎𝑏𝜃
= 

 =
𝑎

𝑏
lim
𝜃→0

sin(𝑎𝜃)

𝑎𝜃
⋅

𝑏𝜃

sin(𝑏𝜃)
=

𝑎

𝑏
⋅ lim

𝜃→0

sin(𝑎𝜃)

𝑎𝜃
⋅ lim

𝜃→0

𝑏𝜃

sin(𝑏𝜃)
=⏞
#1 𝑎

𝑏
⋅ 1 ⋅ 1 =

𝑎

𝑏
. 

 

 

Let a and b be nonzero numbers. 

 

45. lim
𝜃→0

sin (
𝜋
2 − 𝑎𝜃)

sin (
𝜋
2 − 𝑏𝜃)

= lim
𝜃→0

cos(𝑎𝜃)

cos(𝑏𝜃)
=

lim
𝜃→0

cos(𝑎𝜃)

lim
𝜃→0

cos(𝑏𝜃)
=

cos(0)

cos(0)
=

1

1
= 1. 

 Alternate Solution: 

 lim
𝜃→0

sin (
𝜋
2 − 𝑎𝜃)

sin (
𝜋
2 − 𝑏𝜃)

= lim
𝜃→0

sin (
𝜋
2) cos(𝑎𝜃) − cos (

𝜋
2) sin(𝑎𝜃)

sin (
𝜋
2) cos(𝑏𝜃) − cos (

𝜋
2) sin(𝑏𝜃)

= 

 lim
𝜃→0

(1) cos(𝑎𝜃) − (0) sin(𝑎𝜃)

(1) cos(𝑏𝜃) − (0) sin(𝑏𝜃)
= lim

𝜃→0

cos(𝑎𝜃)

cos(𝑏𝜃)
=

lim
𝜃→0

 cos(𝑎𝜃)

lim
𝜃→0

cos(𝑏𝜃)
=

cos(0)

cos(0)
=

1

1
= 1. 

 
 “Only he who never plays, never loses.” 
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