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101 Problems in Calculating Trigonometric Limits with Solutions 
(Part 16) 

 

81. lim
𝜃→0

sin(2𝜃) + tan(𝜃)

3𝜃
=
1

3
lim
𝜃→0

sin(2𝜃) + tan(𝜃)

𝜃
=
1

3
lim
𝜃→0

sin(2𝜃)

𝜃
+
tan(𝜃)

𝜃
= 

 =
1

3
[lim
𝜃→0

sin(2𝜃)

𝜃
+ lim

𝜃→0

tan(𝜃)

𝜃
] =⏞
#29 1

3
[lim
𝜃→0

sin(2𝜃)

𝜃
⋅
2

2
+ 1] =

1

3
[2 lim

𝜃→0

sin(2𝜃)

2𝜃
+ 1] = 

 =
1

3
[2 ⋅ 1 + 1] =

1

3
[2 + 1] =

1

3
⋅ 3 = 1. 

 

 

82. 
lim
𝜃→0

tan(𝜃) − sin(𝜃)

𝜃2
= lim

𝜃→0

sin(𝜃)
cos(𝜃)

−
sin(𝜃)

1

𝜃2
= lim

𝜃→0

sin(𝜃) − sin(𝜃) cos(𝜃)
cos(𝜃)

𝜃2
= 

 = lim
𝜃→0

sin(𝜃)[1 − cos(𝜃)]

𝜃2 cos(𝜃)
= lim

𝜃→0

sin(𝜃)

𝜃
⋅
1 − cos(𝜃)

𝜃
⋅

1

cos(𝜃)
= 

 = lim
𝜃→0

sin(𝜃)

𝜃
⋅ lim
𝜃→0

1 − cos(𝜃)

𝜃
⋅ lim
𝜃→0

1

cos(𝜃)
=⏞
#1

1 ⋅ lim
𝜃→0

1 − cos(𝜃)

𝜃
⋅ lim
𝜃→0

1

cos(𝜃)
=⏞
#19

0 ⋅
1

cos(0)
= 

 = 0 ⋅ 1 = 0. 
 

 

83. lim
𝜃→0

[csc(𝜃) − cot(𝜃)] = lim
𝜃→0

[
1

sin(𝜃)
−
cos(𝜃)

sin(𝜃)
] = lim

𝜃→0

1 − cos(𝜃)

sin(𝜃)
= 

 = lim
𝜃→0

1 − cos(𝜃)

sin(𝜃)
⋅
1 + cos(𝜃)

1 + cos(𝜃)
= lim

𝜃→0

1 − cos (𝜃)2

sin(𝜃)[1 + cos(𝜃)]
= lim

𝜃→0

sin (𝜃)2

sin(𝜃)[1 + cos(𝜃)]
= 

 = lim
𝜃→0

sin(𝜃)

1 + cos(𝜃)
=

lim
𝜃→0

sin(𝜃)

lim
𝜃→0

[1 + cos(𝜃)]
=

sin(0)

1 + cos(0)
=

0

1 + 1
= 0. 

 

 

84. lim
𝜃→0

[
1

𝜃2
−

1

𝜃2 sec(𝜃)
] = lim

𝜃→0

sec(𝜃) − 1

𝜃2 sec(𝜃)
= lim

𝜃→0

sec(𝜃) − 1

𝜃2 sec(𝜃)
⋅
sec(𝜃) + 1

sec(𝜃) + 1
= 

 = lim
𝜃→0

sec (𝜃)2 − 1

𝜃2 sec(𝜃) [sec(𝜃) + 1]
= lim

𝜃→0

tan (𝜃)2 cos(𝜃)

𝜃2[sec(𝜃) + 1]
= lim

𝜃→0

tan(𝜃)

𝜃
⋅
tan(𝜃)

𝜃
⋅

cos(𝜃)

sec(𝜃) + 1
= 

 = lim
𝜃→0

tan(𝜃)

𝜃
⋅ lim
𝜃→0

tan(𝜃)

𝜃
⋅ lim
𝜃→0

cos(𝜃)

sec(𝜃) + 1
=⏞
#31

1 ⋅ 1 ⋅
cos(0)

sec(0) + 1
=

1

1 + 1
=
1

2
. 

 



85. lim
𝜃→0

sin(𝜃)

𝜃 + 𝜃2
= lim

𝜃→0

sin(𝜃)

𝜃(1 + 𝜃)
= lim

𝜃→0

sin(𝜃)

𝜃
⋅

1

1 + 𝜃
= lim

𝜃→0

sin(𝜃)

𝜃
⋅ lim
𝜃→0

1

1 + 𝜃
= 1 ⋅

1

1 + 0
= 

 = 1 ⋅ 1 = 1. 
 

 

86. lim
𝜃→0

sec(𝜃) − 1

𝜃2
= lim

𝜃→0

sec(𝜃) − 1

𝜃2
⋅
sec(𝜃) + 1

sec(𝜃) + 1
= lim

𝜃→0

sec (𝜃)2 − 1

𝜃2[sec(𝜃) + 1]
= lim

𝜃→0

tan (𝜃)2

𝜃2[sec(𝜃) + 1]
= 

 = lim
𝜃→0

tan(𝜃)

𝜃
⋅
tan(𝜃)

𝜃
⋅

1

sec(𝜃) + 1
= lim

𝜃→0

tan(𝜃)

𝜃
⋅ lim
𝜃→0

tan(𝜃)

𝜃
⋅ lim
𝜃→0

1

sec(𝜃) + 1
=⏞
#31

 

 =⏞
#31

= 1 ⋅ 1 ⋅
1

1 + 1
=
1

2
. 

 

 

87. lim
𝜃→0

cos(2𝜃) − cos(𝜃)

sin (𝜃)2 = lim
𝜃→0

cos (𝜃)2 − sin (𝜃)2 − cos(𝜃)

sin (𝜃)2 = 

 = lim
𝜃→0

cos (𝜃)2 − [1 − cos (𝜃)]2 −cos(𝜃)

sin (𝜃)2 = lim
𝜃→0

cos (𝜃)2 − 1 + cos (𝜃)2 −cos(𝜃)

sin (𝜃)2 = 

 = lim
𝜃→0

2cos (𝜃)2 − cos(𝜃) − 1

sin (𝜃)2 = lim
𝜃→0

2cos (𝜃)2 − 2cos(𝜃) + cos(𝜃) − 1

sin (𝜃)2 = 

 = lim
𝜃→0

2 cos(𝜃)[cos(𝜃) − 1] + cos(𝜃) − 1

sin (𝜃)2 = lim
𝜃→0

[cos(𝜃) − 1][2 cos(𝜃) + 1]

sin (𝜃)2 = 

 = lim
𝜃→0

[cos(𝜃) − 1][2 cos(𝜃) + 1]

sin (𝜃)2 = lim
𝜃→0

[cos(𝜃) − 1][2 cos(𝜃) + 1]

sin (𝜃)2 ⋅
cos(𝜃) + 1

cos(𝜃) + 1
= 

 = lim
𝜃→0

[cos (𝜃)2 − 1][2 cos(𝜃) + 1]

sin (𝜃)2 [cos(𝜃) + 1]
= lim

𝜃→0

−[1 − cos (𝜃)2 ][2 cos(𝜃) + 1]

sin (𝜃)2 [cos(𝜃) + 1]
= 

 = lim
𝜃→0

−sin (𝜃)2 [2 cos(𝜃) + 1]

sin (𝜃)2 [cos(𝜃) + 1]
= lim

𝜃→0

−[2cos(𝜃) + 1]

cos(𝜃) + 1
=

lim
𝜃→0

−[2cos(𝜃) + 1]

lim
𝜃→0

[cos(𝜃) + 1]
= 

 =
−[2cos(0) + 1]

cos(0) + 1
=
−(2 ⋅ 1 + 1)

1 + 1
=
−3

2
. 

 

 

88. lim
𝜃→0

cos(𝜃)

csc(𝜃)
= lim

𝜃→0
cos(𝜃) sin(𝜃) = lim

𝜃→0
cos(𝜃) ⋅ lim

𝜃→0
sin(𝜃) = cos(0) ⋅ sin(0) = 1 ⋅ 0 = 0. 

 

 

 

 

 

 

 
 “Only he who never plays, never loses.” 

Written and published every Saturday by Richard Shedenhelm    WeeklyRigor@gmail.com 


