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No. 59 “A mathematician is a machine for turning coffee into theorems.” August 8, 2015

51 Problems in Calculating Integrals Using U-Substitution with Solutions

(Part 10)
41, . B 1, 1, Let u = sin(x)
Jsm(x)cos(x)dx—fudu—zu +C—§sm (x) +C. { du = cos(x) dx

Check: E sin %(x) + C] = %sin(x) cos(x) = sin(x) cos(x). v
Alternate Solution:

jsin(x) cos(x) dx = f cos(x) sin(x) dx = jud_u - _ j udu = {LEt u = cos(x)

-1 du = —sin(x) dx
1 1 du
=—§u2+C=—§cos 2(x) + C. _—1=sin(x)dx

Check: [—%cos 2(x) + C]I = —%cos(x) [—sin(x)] =sin(x) cos(x). v

Remark: It may seem surprising that the two solutions give two different yet correct answers.
Consider, however, that by the Pythagorean Identities

%sin 20)+C =%[1 — cos 2(x)] +C = %—%cos 2(0)+C = —%cos 2(x) + (C +%)
Hence, if we take the derivative of the expressions at the extreme ends of the latter equation, we get the same

result, viz.,
sin(x) cos(x).

42, cos(x) 1 1 Let u = sin(x)
fcot(x) dx = f Sin(x) dx = f Sin(xo) cos(x) dx = fﬂdu = { du = cos(x) dx
= In|u| + € = In|sin(x)| + C.

Check: [In|sin(x)|+C] = cos() _ cot(x) . v

sin(x)
Remark: A similar problem is calculating the integral of the tangent function:

sin(x) 1 1du Let u = cos(x)

ftan(x) dx = f cos() dx —f cos() sin(x) dx = fﬂ—_l = du = —sin(x) dx
1 du
= —fadu = —In|u| + € = =In|cos(x)| + C = ln|cos_1(x)| +C= = sin(x) dx
1

=ln| |+C=ln|sec(x)|+C.

cos(x)
Check: [In|sec(x)|+C] = sec(x) tan(x) _ tan(x) . v

sec(x)



Type 4

43 j(x+ 3)(x—1*dx = j(u+4)u4du = f(u5 +4u) du = {LEtde Zx_l
1 4 =
=ju5du+j4u4du=ju5du+4fu4du=gu6+§u5+6= ut4=x+3
1 4
Tl —1Y6 4 S (v _ 115 _
_6(x 1) +5(x 1)°+C ,
Check: [F(x— 1 +2(x-1)°+¢| =(@x -1 +4(x-1)* =
=[(x—-1D+4]x—-D*=((x+3)(x—1D* v
44, 55 2 — 45 2 _ 25 du_ {Letu=1+x2
jx V1i+x dx—fx V1+x2xdx=|(u—-1) U= du = 2xdx
1 1 ! du_ o
=§j(u—1)2§/ﬂdu=§f(u—1)2u3du= ;  rex
6 1 u—1=x2

1 1
=Ej(u2—2u+1)u%du=§j(u1_51—2u§+u§)du=

1 11 6 1 1
=§ju?du—fu§du+ifu§du=

1 5 1 5 E+1 5 §+C 5 1 5 £+5 E+C
=—.—USs ——Us +—-—Us =—Us ——Us +—us =

2 16 T11 T2 2% T TR

5 16 5 11 5 6
- Y5 — — 2Yg 4 — 2yg
32(1+x)s 11(1+x)s+12(1+x)s+C.

(u—1)2= (x*)* =x*

. [5 2y _ 5 2y 5 22 "

Ch:ck.w[32 (14 x%)s 115(1 Lx )5S + > (1 +x5)s6+ C ] =
11 6 1
= —(1+x?)52x—— —(1+x2)52x +— - = (1 + x2)52x =
372 5(11+X)5 x T 5( +x35 x+ 1 5( + x2)52x
=(1+x»)5x—-2(1+x»)sx+ (1 +x?)sx =
5

=1 +x%)% — 201 + %25 + 1] (1 + x)5x =
= [(1+x2)% = 2(1 + x2) + 1](1 + x?)sx =
= (1 +2x%2+x*—2-2x2+ Dx1+x2 =

=x5Y1+x2. vV
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