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45. 
∫ 𝑥√𝑥 − 1 𝑑𝑥 = ∫ 𝑥(𝑥 − 1)

1
2 𝑑𝑥 = ∫(𝑢 + 1)𝑢

1
2 𝑑𝑢 = 

Let 𝑢 = 𝑥 − 1 

     𝑑𝑢 = 𝑑𝑥 

 
= ∫ (𝑢

3
2 + 𝑢

1
2) 𝑑𝑢 = ∫ 𝑢

3
2 𝑑𝑢 + ∫ 𝑢

1
2 𝑑𝑢 =

2

5
𝑢

5
2 +

2

3
𝑢

3
2 + 𝐶 = 

𝑢 + 1 = 𝑥 
 

 
=

2

5
(𝑥 − 1)

5
2 +

2

3
(𝑥 − 1)

3
2 + 𝐶. 

 

 
Check:  [

2

5
(𝑥 − 1)

5
2 +

2

3
(𝑥 − 1)

3
2 + 𝐶]

′

= (𝑥 − 1)
3
2 + (𝑥 − 1)

1
2 = 

 

 = [(𝑥 − 1)
2
2 + 1] (𝑥 − 1)

1
2 = [(𝑥 − 1) + 1](𝑥 − 1)

1
2 = 𝑥(𝑥 − 1)

1
2 =  

 = 𝑥√𝑥 − 1 .    

 

 

46. 

∫
𝑥

√1 + 2𝑥
𝑑𝑥 = ∫

𝑥

(1 + 2𝑥)
1
2

𝑑𝑥 = ∫
(

𝑢 − 1
2 )

𝑢
1
2

𝑑𝑢

2
=

1

2
∫

𝑢 − 1

2𝑢
1
2

𝑑𝑢 = 

Let 𝑢 = 1 + 2𝑥 

    𝑑𝑢 = 2𝑑𝑥 

      
𝑑𝑢

2
= 𝑑𝑥 

 
=

1

4
∫

𝑢 − 1

𝑢
1
2

𝑑𝑢 =
1

4
∫

𝑢

𝑢
1
2

𝑑𝑢 −
1

4
∫

1

𝑢
1
2

𝑑𝑢 =
1

4
∫ 𝑢

1
2 𝑑𝑢 −

1

4
∫ 𝑢

−1
2 𝑑𝑢 = 

𝑢 − 1 = 2𝑥 

 
=

1

4
⋅

2

3
𝑢

3
2 −

1

4
⋅

2

1
𝑢

1
2 + 𝐶 =

1

6
𝑢

3
2 −

1

2
𝑢

1
2 + 𝐶 =     

𝑢−1

2
= 𝑥 

 
=

1

6
(1 + 2𝑥)

3
2 −

1

2
(1 + 2𝑥)

1
2 + 𝐶. 

 

 
Check:  [

1

6
(1 + 2𝑥)

3
2 −

1

2
(1 + 2𝑥)

1
2 + 𝐶]

′

= 
 

 
=

1

4
(1 + 2𝑥)

1
2 ⋅ 2 −

1

4
(1 + 2𝑥)

−1
2 ⋅ 2 =

1

2
(1 + 2𝑥)

1
2 −

1

2
(1 + 2𝑥)

−1
2 = 

 

 
=

(1 + 2𝑥)
1
2

2
−

1

2(1 + 2𝑥)
1
2

=
√1 + 2𝑥

2
−

1

2√1 + 2𝑥
= 

 

 
=

1 + 2𝑥

2√1 + 2𝑥
−

1

2√1 + 2𝑥
=

(1 + 2𝑥) − 1

2√1 + 2𝑥
=

2𝑥

2√1 + 2𝑥
=

𝑥

√1 + 2𝑥
 .   

 

 

 

  



47. 
∫

𝑥

√𝑥 + 2
4 𝑑𝑥 = ∫

1

√𝑥 + 2
4 𝑥𝑑𝑥 = ∫

1

√𝑢4
(𝑢 − 2)𝑑𝑢 = 

Let 𝑢 = 𝑥 + 2 

    𝑑𝑢 = 𝑑𝑥 

 
= ∫ (

𝑢

𝑢
1
4

−
2

𝑢
1
4

) 𝑑𝑢 = ∫ (𝑢
3
4 − 2𝑢

−1
4 ) 𝑑𝑢 = ∫ 𝑢

3
4 𝑑𝑢 − 2 ∫ 𝑢

−1
4 𝑑𝑢 = 

𝑢 − 2 = 𝑥 

 

 
=

4

7
𝑢

7
4 − 2

4

3
𝑢

3
4 + 𝐶 =

4

7
𝑢

7
4 −

8

3
𝑢

3
4 + 𝐶 =

4

7
(𝑥 + 2)

7
4 −

8

3
(𝑥 + 2)

3
4 + 𝐶 . 

 

 
Check:  [

4

7
(𝑥 + 2)

7
4 −

8

3
(𝑥 + 2)

3
4 + 𝐶]

′

= (𝑥 + 2)
3
4 − 2(𝑥 + 2)

−1
4 = 

 

 
= (𝑥 + 2)

3
4 −

2

(𝑥 + 2)
1
4

=
(𝑥 + 2) − 2

(𝑥 + 2)
1
4

=
𝑥

√𝑥 + 2
4  .   

 

 

 

48. 
∫

𝑥 + 4

2𝑥 + 5
𝑑𝑥 = ∫

1

2𝑥 + 5
(𝑥 + 4)𝑑𝑥 = ∫

1

𝑢
⋅

𝑢 + 3

2

𝑑𝑢

2
=

1

4
∫

𝑢 + 3

𝑢
𝑑𝑢 = 

Let 𝑢 = 2𝑥 + 5 

    𝑑𝑢 = 2𝑑𝑥 

 
=

1

4
∫ (

𝑢

𝑢
+

3

𝑢
) 𝑑𝑢 =

1

4
∫ 1 𝑑𝑢 +

1

4
∫

3

𝑢
𝑑𝑢 =

1

4
∫ 1 𝑑𝑢 +

3

4
∫

1

𝑢
𝑑𝑢 = 

𝑑𝑢

2
= 𝑑𝑥 

 
=

1

4
𝑢 +

3

4
ln|𝑢| + 𝐶 =

1

4
(2𝑥 + 5) +

3

4
ln|2𝑥 + 5| + 𝐶. 

𝑢 − 5 = 2𝑥 

 
Check:  [

1

4
(2𝑥 + 5) +

3

4
ln|2𝑥 + 5| + 𝐶]

′

= 
𝑢 − 5

2
= 𝑥 

 
= [

1

2
𝑥 +

5

4
+

3

4
ln|2𝑥 + 5| + 𝐶]

′

=
1

2
+

3

4
⋅

2

2𝑥 + 5
=

1

2
+

3

2(2𝑥 + 5)
= 

𝑢 − 5

2
+ 4 = 𝑥 + 4 

 
=

2𝑥 + 5

2(2𝑥 + 5)
+

3

2(2𝑥 + 5)
=

2𝑥 + 8

2(2𝑥 + 5)
=

2(𝑥 + 4)

2(2𝑥 + 5)
=

𝑥 + 4

2𝑥 + 5
 .   

𝑢 + 3

2
= 𝑥 + 4 

 Alternate Solution: 

 
∫

𝑥 + 4

2𝑥 + 5
𝑑𝑥 = ∫

𝑢

2𝑢 − 3
𝑑𝑢 .   Using polynomial division, 

Let 𝑢 = 𝑥 + 4 

    𝑑𝑢 = 𝑑𝑥 

 
               

1

2
+

3
2

2𝑢 − 3
 

𝑢 − 4 = 𝑥 

2𝑢 − 8 = 2𝑥 

 2𝑢 − 3|𝑢 + 0            2𝑢 − 3 = 2𝑥 + 5 

              𝑢 −
3

2
    

                     
3

2
   Hence,  

 
∫

𝑢

2𝑢 − 3
= ∫ (

1

2
+

3
2

2𝑢 − 3
) 𝑑𝑢 =

1

2
∫ 1 𝑑𝑢 +

3

2
∫

1

2𝑢 − 3
𝑑𝑢 = 

 

 
=

1

2
𝑢 +

3

2
⋅

1

2
ln|2𝑢 − 3| + 𝐶 =

1

2
𝑢 +

3

4
ln|2𝑢 − 3| + 𝐶 = 

 

 
=

1

2
(𝑥 + 4) +

3

4
ln|2(𝑥 + 4) − 3| + 𝐶 =

1

2
(𝑥 + 4) +

3

4
ln|2𝑥 − 5| + 𝐶. 

 

 
Check:  [

1

2
(𝑥 + 4) +

3

4
ln|2𝑥 − 5| + 𝐶]

′

=
1

2
+

3

2
⋅

1

2𝑥+5
=

2𝑥+5+3

2(2𝑥+5)
= 

 

 
=

2𝑥 + 8

2(2𝑥 + 5)
=

2(𝑥 + 4)

2(2𝑥 + 5)
=

𝑥 + 4

2𝑥 + 5
 .   

 

 

 
 “Only he who never plays, never loses.” 
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