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The Norman Window Problem
(Part 2)

Claim: For a Norman window with the shape of a rectangle surmounted by a semicircle of

radius r and having perimeter P, the maximum area A of the window is found at 73,4, = # with

P
value Aoy = > Tmax-

PROOF FROM PRECALCULUS

Proof: Lety denote the height of the rectangle. Hence, P = 2y + 2r + nr. So,

y = P"Zg_”r. Furthermore, A = 2ry + 2. Thus, by substitution, A(r) =
— p—2r-mr 12 _ 92 _ 2 12 92 _ 1 2 _
= Zr( > ) + ST = Pr — 2r r* + ST Pr —2r ST
= —(n+2)r2 + Pr=—"02 4 pr Therefore, by the vertex formula 7., = —— and
2 2 5 T+4
— — (= @0 P Py__1p* P2 _1 PP
also Amax - A(T‘max) =4 (n+4) - 2 (TL’+4-) +P (rr+4) - 2 (m+4) T+4 2 (+4) o

_P P _ P

=~ =5 Tmax by substitution.

PROOF FROM SINGLE-VARIABLE CALCULUS

Proof: Lety denote the height of the rectangle. Hence, P = 2y + 2r + nir. So,
P-2r-mr

y=—"0 Furthermore, A = 2ry + 2mr?. Thus, by substitution, A(r) =
=2r (P_zr_m) +imri=pPr—2rt—mri+imr? = pr—2r2 —lnmr? =
2 2 2 2
= —(%T[ +2)r2 + Pr = —@rz + Pr. Hence, A’'(r) = —(r + 4)r + P. But A’(r) = 0 when
—(t+4)r+P=0,ie,whenr = #. Therefore, 1,0 = # and also A4 = A(Tpay) =

- A(5) =LY

substitution.

(P) 1 P? p2 1 p2 _p P P

= _—-—:—.’r b
T+4 2(m+4) w+4 2 (m+4) 2 m+4 2 TaAx y



PROOF FROM MULTI-VARIABLE CALCULUS

Proof: Lety denote the height of the rectangle. Hence, P = 2y + 2r + nr. Furthermore,
A= 2ry +:mr?. So,
A, =2y +nr P.
A, =2r P,

2+m
2

Thus,
2y +r = A2 + 1)
2r = 21
P=2y+2r+nr
Hence,l=%and/1=r. SO,Zz:;W:r = 2y+nr=r(n+2) =
= 2y+nr=rn+2r = y=r. Consequently, P = 2r + 2r + r = r(mw + 4), by

substitution. Therefore, 1,4, = i and also 4,4y = A(Tpey) = A (L) =

m+4
_ (7t+4-)(P)2+P(P) 1 P2 P21 P2 _p p _ P
- 2 T+4

7+1) = T3Grw Twne 2w 2 mea -z Tmax DY substitution.

“Only he who never plays, never loses.”
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