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The Two-Sided Limit Test for Single-Variable Calculus

Definition 1: Let f be a function defined on some open interval that contains the number a,
except possibly at a itself. Then we say that the limit of f(x) as x approaches a is L, and we write

lim f(x) =L
x—a
if for every number £ > 0 there is a corresponding number § > 0 such that
if0<|x—al <6, then|f(x)—L|<e.

Definition 2: lim f(x) =L
x—-at

if for every number € > 0 there is a corresponding number § > 0 such that
ifo<x—a<d,then|f(x)—L| <e.

Definition 3: lim f(x) =1L
xX—a
if for every number £ > 0 there is a corresponding number § > 0 such that
if0<a—x<46,then|f(x)—L| <e.

Theorem 1: If lim f(x) = L then lim+f(x) =1L
xXx—a x—a

Proof: Suppose that lim f(x) = L. Lete > 0. Hence, there exists § > 0 such that
xX—a

if0<|x—al <6, then|f(x)—L| <e¢,
by Definition 1. Supposethat0 < x —a < 8. S0,0 < [x —a| < §. Thus, |f(x) —L| < e.
Consequently, if 0 < x —a < §, then |f(x) — L| < . Therefore, lim, f(x) = L, by Definition
x—a

2.
|

Theorem 2: If lim f(x) = L then lim f(x) = L.
xXx—a x—>a

Proof: Suppose that lim f(x) = L. Lete > 0. Hence, there exists § > 0 such that
xX—a

if0<|x—al <6, then|f(x)—L| <e¢,
by Definition 1. Supposethat0 < a —x < 8. S0,0 < [x —a| < §. Thus, |f(x) —L| < e.
Consequently, if 0 < a — x < §, then |f(x) — L| < &. Therefore, lim f(x) = L, by Definition
x—a

3.
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Theorem 3: If lim f(x) = L then lim+f(x) =L = lim f(x).

Proof: By Theorems 2 and 3.

Theorem 4: If lim, f(x) =L = lim f(x), then lim f(x) = L.
x—at x—a~ x-a

Proof: Suppose that lim_f (x) =L = lim f(x). Lete > 0. Hence, there exists §, > 0 such
xXx—a x—a

that if 0 < x — a < 6;, then |f(x) — L| < &, by Definition 2. Furthermore, there exists §, > 0
suchthat if 0 < a —x < §,, then |f(x) — L| < &, by Definition 3. Let § = min{d,, 5,}.
Suppose that0 < |x —a| < 6. So,either0 <x—a<§,or0<a—x <4,

Case 1: Supposethat 0 < x —a < &;. Hence, |f(x) — L| < «.

Case 2: Suppose that 0 < a — x < §,. Hence, |f(x) —L| < &.
In either case, |f(x) — L| < &. Consequently, if 0 < |x —a| < §,then |f(x) — L| < .
Therefore, chl_r)l’cll f(x) = L, by Definition 1.

|
Theorem 5 (The Two-Sided Limit Test): lim f(x) = L ifand only if lim f(x) =L =
xX—a x—a
= lim f(x).
xX—a
Proof: By Theorems 3 and 4.
|

Examples: a.) Let f(x) = |x]|. lirg1+f(x) = lir(1)r1+|x| = lir(r)1+x = 0. Furthermore,
xX—> X— xX—
lim f(x) = lim |x| = lim —x = —0 = 0. Hence, lim_f(x) =0 = lim f(x). Therefore,
x—-0~ x—-0~ x—-0~ x—-07t x—-0~
lir%f(x) = lir%IxI = 0, by the Two-Sided Limit Test.
X— X—

— Xy = 1im X = im*= lim1 =
b.) Let f(x) =—. xll)rggrf(x) —xlirggr - = lim == lim 1 = 1. Furthermore,

x x-0t X x—0
|x

lim £() = lim 2 = lim = = lim — 1 = —1. Hence, lim, f(x) # lim f(x). Therefore,
x— x—

x—0" x—-0" X x—-0" X x—-0"

lim f(x) = lim m, does not exist, by the Two-Sided Limit Test.
x—-0 X

x—0
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