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Three Main Properties of Set Inclusion

Property 1: A C A for every A.

Property 2: A=Bifandonlyif A< Band B C A.

Property 3: IfAC Band B c C,then A c C.

Definition 1: A c Bifandonly if (Vx)(x € A — x € B).
Definition 2: A =B ifand only if (Vx)(x € A < x € B).
Theorem 1 (Property 1): A c A for every A.

Proof: (Vx)(x € A — x € A). Hence, A € A, by Definition 1.

Theorem 2: IfA=B,thenA S Band B € A.

Proof: Supposethat A =B. A € A, by Theorem 1. Hence, A € B and B <€ A, by substitutions
Of“B” for GGA.7’
[

Theorem 3: IfAc Band B € A, then A = B.

Proof: Supposethat A € B and B € A. Hence, (Vx)(x € A — x € B) and
(Vx)(x € B — x € A), by Definition 1. So, (Vx)(x € A < x € B). Thus, A = B, by
Definition 2.



Theorem 4 (Property 2): A=Bifandonlyif A< B and B C A.

Proof: By Theorems 2 and 3.

Theorem 5 (Property 3): IfAC Band B € C,then A C C.
Proof: Suppose that A € Band B < C. Hence, (Vx)(x € A — x € B) and

(Vx)(x € B — x € (), by Definition 1. So, (Vx)(x € A — x € C). Therefore, A € C, by
Definition 1.

“Only he who never plays, never loses.”
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