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Proofs of the Elementary Properties of Definite Integrals
(Part 1)

Definition 1: f fx)dx = hm L f(x)Ax,

b_
where Ax = Ta .

Theorem 1: faaf(x)dx =0.

Proof: fff(x)dx?é“ lim i, f(xi )(“ “) = lim YL, f(x)(0) = lim0 = 0.

Theorem 2: f;f(x)dx =— fbaf(x)dx.
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Proof: f;f(x)dx’—"“ llmZ L f G )( )— llmZ 1f( )( la~ b])
— tim — 3 £O) (S2) = — lim S, £G) (S2) 2 - 2 (0

Theorem 3: f; cf (x)dx =c f; f(x)dx.
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Proof: fcf(x)dx—llmz ccof (xf )Ax—llm cul, f(x} )Ax—cllmz L f(xe)ax =

D1

= cf f(x)dx.



Theorem 4: f: cdx =c(b — a).
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Proof: [, cdx=c [, 1dx = c lim XL, (—b a) =clim (b —a) 2?21% =

n

=c(b—a) 1111_1)1010 Z?ﬂ% =c(b - a)ii_{glo% =c(b—- a)rlli_r)glol =cb—a)(1) =c(b—a).

Theorem 5: LIf) £ g@ldx = [ fFO)dx + [ g(x)dx.

Proof: f;[f(x) + g(x)]dxlgiijgo YO £ g(x)]Ax =
= lim Y7, [fGe)Ax £ g(e)Ax] = lim [ X7 £ Ax £ X0, g(x)Ax] =
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= lim 3, £ (e Ax £ lim YL, g(x)Ax 2 [*f(odx + [ g(o)dx.

Theorem 6: If f(x) = 0 fora < x < b, then f: f(x)dx = 0.

Proof: Suppose that f(x) > 0 fora < x < b. Hence, Ax > 0. So, X7, f(x;)Ax > 0.
Thus, lim Y7, f(x;)Ax = lim 0 = 0. Therefore, f: f(x)dx = 0, by Definition 1.
n—oo n—oo

“Only he who never plays, never loses.”
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