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Proofs of the Elementary Properties of Definite Integrals
(Part 2)

Theorem 7: If f(x) = g(x) fora < x < b, then fabf(x)dx > f:f(x)dx.

Proof: Suppose that f(x) = g(x) fora < x < b. Hence, f(x) — g(x) = 0.
So, [ [f (x) — g(x)]dx = 0, by Theorem 6. Thus, ' f(x)dx — [ g(x)dx > 0, by Theorem 5.
Therefore, [, f(x)dx > [} f(x)dx

[
Theorem 8: Ifm < f(x) <M fora < x < b,thenm(b —a) < fff(x)dx <M(b - a).
Proof: Suppose thatm < f(x) < M fora < x < b. Hence, f: mdx < f: fx)dx < f: Mdx,
by Theorem 7. Therefore, m(b —a) < f: f(x)dx < M(b — a), by Theorem 4.
[

Theorem 9: |f;f(x)dx| < fflf(x)ldx.

Proof: —|f(x)| < f(x) < |f(x)|, by Theorem 7 of WR no. 158. Hence,
[} =If@ldx < [ f(x)dx < [71f(x)ldx, by Theorem 7. So,

- f;lf(x)ldx < f; flo)dx < f;lf(x)ldx, by Theorem 3. Therefore,
7 f()dx| < [71f (x)1dx, by Theorem 2 of WR no. 156.




Theorem 10: f;f(x)dx + fbcf(x)dx = facf(x)dx.

Proof: [T fOx)dx + [ f(x)dx = lim YL, f () (b%“) + lim B2, £ (x) (%) _
= tim (29) 3, £Gx0) + lim (S2) T2, £ ) =

b— . * -b . * b— -b . *) —
= (57) Jim i £ G + (57) Jim, By £ () = S50 lim B £ ) =

D1
c—a

= =2 lim BIL, £) = lim (S2) B0, £G) = lim B, £ (S52) 2 7 f@)dx.

n

“Only he who never plays, never loses.”
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