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No. 227 “A mathematician is a machine for turning coffee into theorems.” October 27, 2018

20 Problems in Calculating Type 3 Difference Quotients
(Part 2)

SELECTED SOLUTIONS
1. fx)=x = f(x+Ax)=x+ Ax.

fx+dx)-f(x) _ (x+Ax)—-x _ x+Ax—x _ Ax
Ax - Ax - Ax T Ax

So, by substitution, 1.

3. fx)=x3 = f(x+Ax)= (x+ Ax)3.

- 3_x3 2_,3
So, by substitution, fctA)—fC) _ Gedn) 2" (A0 Ge+Ax)"—x"
Ax Ax Ax

A [(xe+Ax) (x+AX)] =22 (x+Ax) (x2+xAx+Axx+(Ax)?)—x?

Ax Ax -
(M) (2 42xAx+(Ax)?)—x%  xZ(x+Ax)+2xAx (x+Ax)+(Ax)* (x+Ax)—x%

Ax Ax
X342 Ax+2x2 Ax+2x(Ax)? +x(Ax)? +(Ax)3—x3  3x2Ax+3x(Ax)?+(Ax)3

Ax h
Ax(3x2+3xAx+(Ax)?
= x(3x zxx (8x)) = 3x% 4+ 3xAx + (Ax)z.

5. f(x)=2x>+5 = f(x+Ax)=2(x+Ax)*+5.
fx+Ax)—f(x) _ [2(x+Ax)?+5]-[2x245]
Ax a Ax o

So, by substitution,

 R20eHAD) A +51-[267+5]  2(x2+xAx+Axx+(A0)?)+5—2x2 5 _

Ax Ax
2% 4+2xAx+(Ax)?)+5-2x%—5  2xZ+4xAx+2(Ax)?+5-2x%-5  4xAx+2(Ax)?
o Ax - Ax - Ax -
_ Ax(4x+2Ax) = 4x + 2Ax.

Axh



7. fx)=x3-2x2+3 = f[f(x+Ax)=(x+Ax)>—-2(x+Ax)?+3
fe+Dx)—f(x) _ [(x+Ax)3—2(x+Ax)?+3]-[x3-2x%+3]

So, by substitution,

X Ax
(x4 A0) (x+Ax)% —2(x2 +2xAx+(Ax)?)+3—x3+2x2 -3
= I =
(x4 A0) (24 2xAx+(Ax)?)—2x% —4xAx—2(Ax)* +3-x34+2x% -3
= v =
X2 (x+Ax)+2xAx (X +Ax)+(Ax)? (x+Ax) —2x% —4xAx—2(Ax)? +3-x3+2x%2 -3
= » =
X3 4+x?Ax42x%Ax+2x(Ax)? +x(Ax)? +(Ax)3 —2x 2 —4xAx—2(Ax)? +3-x3+2x%-3
= " =
_ 3x2Ax+3x(Ax)%+(Ax)3—4xAx—2(Ax)?  Ax(3x243xAx+(Ax)?—4x—2Ax)
= = ™ =

Ax
= 3x?% + 3xAx + (Ax)? — 4x — 2Ax.

9. f)=mx+b = f(x+Ax)=m(x+ Ax)+b.
fx+Ax)—f(x) _ [m(x+Ax)+b]-[mx+b] _ mx+mAx+b—mx—b _

So, by substitution, =
Ax Ax Ax
mAx
=—=m.
Ax

10 f(x)=ax?+bx+c = f(x+Ax)=alx+Ax)?>+ b(x+ Ax) + c.
fx+Ax)—f(x) _ [a(x+Ax)*+b(x+Ax)+c]—[ax?+bx+c]

So, by substitution,

X Ax
_a(x?+2xAx+(Ax)?)+bx+bAx+c—ax?—bx—c
= Ax =
_ax?+2axAx+a(Ax)%+bx+bAx+c—ax?—bx—c _ 2axAx+a(Ax)%+bAx _
- Ax - Ax -
Ax(2ax+alAx+b)
= o = 2ax + alAx + b.

1

11. f(x)z; = f(x+Ax) =

1
x+Ax’

1 1 (x+Ax)
(x+Ax) x (x+Ax)

1 x 1 1_x+Ax
fx+Ax)—f(x) — X+MX X _ X X+Ax X x+Ax

X
X

So, by substitution,

Ax Ax Ax Ax
x—(x+Ax) x—x—Ax —Ax —Ax
x(x+Ax) _ x(x+Ax) __ x(x+Ax) __  x(x+Ax) __ -Ax . i _ -1
Ax Ax Ax Ax x(x+Ax) Ax  x(x+Ax)

1

“Only he who never plays, never loses.”
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