
The Weekly Rigor 
 

No. 233            “A mathematician is a machine for turning coffee into theorems.”              December 8, 2018 

 

20 Problems in Calculating Type 5 Difference Quotients 
(Part 2) 

 

SELECTED SOLUTIONS 

 

1. 𝑓(𝑥) = 𝑥    ⟹     𝑓(𝑎) = 𝑎   &   𝑓(𝑏) = 𝑏. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

𝑏−𝑎

𝑏−𝑎
= 1. 

 

 

3. 𝑓(𝑥) = 𝑥3     ⟹     𝑓(𝑎) = 𝑎3   &   𝑓(𝑏) = 𝑏3. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

𝑏3−𝑎3

𝑏−𝑎
=

(𝑏−𝑎)(𝑏2+𝑎𝑏+𝑎2)

𝑏−𝑎
= 𝑏2 + 𝑎𝑏 + 𝑎2. 

 

 

5. 𝑓(𝑥) = 2𝑥2 + 5    ⟹     𝑓(𝑎) = 2𝑎2 + 5   &   𝑓(𝑏) = 2𝑏2 + 5. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

(2𝑏2+5)−(2𝑎2+5)

𝑏−𝑎
=

2𝑏2+5−2𝑎2−5

𝑏−𝑎
=

2𝑏2−2𝑎2

𝑏−𝑎
= 

 =
2(𝑏2−𝑎2)

𝑏−𝑎
= 2(𝑏+𝑎)(𝑏−𝑎)

𝑏−𝑎
= 2(𝑏 + 𝑎). 

 

 

7. 𝑓(𝑥) = 𝑥3 − 2𝑥2 + 3    ⟹     𝑓(𝑎) = 𝑎3 − 2𝑎2 + 3   &   𝑓(𝑏) = 𝑏3 − 2𝑏2 + 3. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

(𝑏3−2𝑏2+3)−(𝑎3−2𝑎2+3)

𝑏−𝑎
= 

=
𝑏3−2𝑏2+3−𝑎3+2𝑎2−3

𝑏−𝑎
=

𝑏3−2𝑏2−𝑎3+2𝑎2

𝑏−𝑎
=

𝑏3−𝑎3−2𝑏2+2𝑎2

𝑏−𝑎
=

𝑏3−𝑎3−2(𝑏2−𝑎2)

𝑏−𝑎
=  

 =
(𝑏−𝑎)(𝑏2+𝑎𝑏+𝑎2)−2(𝑏−𝑎)(𝑏+𝑎)

𝑏−𝑎
=

(𝑏−𝑎)[(𝑏2+𝑎𝑏+𝑎2)−2(𝑏+𝑎)]

𝑏−𝑎
= 

 = (𝑏2 + 𝑎𝑏 + 𝑎2) − 2(𝑏 + 𝑎) = 𝑏2 + 𝑎𝑏 + 𝑎2 − 2𝑏 − 2𝑎. 
 

 

9. 𝑓(𝑥) = 𝑚𝑥 + 𝑐    ⟹     𝑓(𝑎) = 𝑚𝑎 + 𝑐   &   𝑓(𝑏) = 𝑚𝑏 + 𝑐. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

[𝑚𝑏+𝑐]−[𝑚𝑎+𝑐]

𝑏−𝑎
=

𝑚𝑏+𝑐−𝑚𝑎−𝑐

𝑏−𝑎
=

𝑚𝑏−𝑚𝑎

𝑏−𝑎
= 

 =
𝑚(𝑏−𝑎)

𝑏−𝑎
= 𝑚. 

  



10. 𝑓(𝑥) = 𝑝𝑥2 + 𝑞𝑥 + 𝑟    ⟹     𝑓(𝑎) = 𝑝𝑎2 + 𝑞𝑎 + 𝑟   &   𝑓(𝑏) = 𝑝𝑏2 + 𝑞𝑏 + 𝑟    . 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

(𝑝𝑏2+𝑞𝑏+𝑟)−(𝑝𝑎2+𝑞𝑎+𝑟)

𝑏−𝑎
=

𝑝𝑏2+𝑞𝑏+𝑟−𝑝𝑎2−𝑞𝑎−𝑟

𝑏−𝑎
= 

=
𝑝𝑏2+𝑞𝑏−𝑝𝑎2−𝑞𝑎

𝑏−𝑎
=

𝑝𝑏2−𝑝𝑎2+𝑞𝑏−𝑞𝑎

𝑏−𝑎
=

𝑝(𝑏2−𝑎2)+𝑞(𝑏−𝑎)

𝑏−𝑎
=  

 =
𝑝(𝑏−𝑎)(𝑏+𝑎)+𝑞(𝑏−𝑎)

𝑏−𝑎
=

(𝑏−𝑎)[𝑝(𝑏+𝑎)+𝑞]

𝑏−𝑎
= 𝑝(𝑏 + 𝑎) + 𝑞 =  𝑝𝑏 + 𝑝𝑎 + 𝑞. 

 

 

11. 𝑓(𝑥) =
1

𝑥
    ⟹    𝑓(𝑎) =

1

𝑎
   &   𝑓(𝑏) =

1

𝑏
. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

1

𝑏
−

1

𝑎

𝑏−𝑎
=

𝑎

𝑎
 ∙ 

1

𝑏
−

1

𝑎
 ∙ 

𝑏

𝑏

𝑏−𝑎
=

𝑎

𝑎𝑏
−

𝑏

𝑎𝑏

𝑏−𝑎
=

𝑎−𝑏

𝑎𝑏

𝑏−𝑎
= 

=
𝑎−𝑏

𝑎𝑏
𝑏−𝑎

1

=
𝑎−𝑏

𝑎𝑏
∙

1

𝑏−𝑎
=

−(𝑏−𝑎)

𝑎𝑏
∙

1

𝑏−𝑎
=

−1

𝑎𝑏
  

 

 

13. 𝑓(𝑥) =
7

𝑥+2
    ⟹    𝑓(𝑎) =

7

𝑎+2
   &   𝑓(𝑏) =

7

𝑏+2
. 

 So, by substitution, 
𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
=

7

𝑏+2
−

7

𝑎+2

𝑏−𝑎
= 

 =

(𝑎+2)

(𝑎+2)
 ∙ 

7

(𝑏+2)
−

7

(𝑎+2)
 ∙ 

(𝑏+2)

(𝑏+2)

𝑏−𝑎
=

 
7(𝑎+2)−7(𝑏+2)

(𝑎+2)(𝑏+2)

𝑏−𝑎
=

 
7𝑎+14−7𝑏−14

(𝑎+2)(𝑏+2)

𝑏−𝑎
=  

 =
 

7𝑎−7𝑏

(𝑎+2)(𝑏+2)

𝑏−𝑎

1

=
7𝑎−7𝑏

(𝑎+2)(𝑏+2)
∙

1

𝑏−𝑎
=

7(𝑎−𝑏)

(𝑎+2)(𝑏+2)
∙

1

𝑏−𝑎
=

−7(𝑏−𝑎)

(𝑎+2)(𝑏+2)
∙

1

𝑏−𝑎
= 

 =
−7

(𝑎+2)(𝑏+2)
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
“Only he who never plays, never loses.” 
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